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Xia , $T=H+iK=U|T|$ 2 .
Cartesian . $\mathcal{H}$
. $B(\mathcal{H})$ , $T\in B(\mathcal{H})$ $\sigma(T)$ .
(1) $T=H+iK$ Cartesian .
$S^{+}(K)=s-hhm_{tarrow\infty}e^{itH}Ke^{-itH}$ , $S^{-}(K)= s-\lim_{tarrow\infty}e^{-itH}Ke^{itH}$
, $k\in[0,1]$ ,
$K_{k}=kS^{+}(K)+(1-k)S^{-}(K)$
(s–lim Xia [11]). , $e^{itH},$ $e^{-itH}$ unitary ,
$\Vert K_{k}\Vert\leq k\Vert K\Vert+(1-k)||K\Vert=||K\Vert$ , $HS^{\pm}(K)=S^{\pm}(K)H$
. $T_{k}=H+iK_{k}$ normal . $(H, K_{k})$ joint approx-
imate point spectrum $\sigma_{ja}(H, K_{k})$ non-empty . Xia
.
[Def 1] $\sigma_{X}(T)=$ $\cup\sigma_{ja}(H, K_{k})$ $T$ Xia .
$0\leq k\leq 1$
, 2 .
Theorem 1 (Xia, [11]. $T=H+iK$ hyponormal $\sigma(T)=\bigcup_{0\leq k\leq 1}\sigma(T_{k})$ .
Theorem 2 (Xia, [10]). $T=H+iK$ hyponormal $\sigma(T)=\{a+ib$ : $(a, b)\in$
$\sigma_{X}(T)\}$ .
n-tuple , .
(1’) $T=(T_{1}, \ldots,T_{n})$ doubly commuting n-tuple $T_{j}=H_{j}+iK_{j}$ $(n=1,2, \ldots,n)$
. $Y=K_{1}\cdots K_{n}$
$S_{j}^{+}( Y)=s-\lim_{tarrow\infty}e^{itH_{j}}Ye^{-itH_{j}}$ , $S_{j}^{-}( Y)=s-\lim_{tarrow\infty}e^{-itH_{j}}Ye^{1tH_{j}}$
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. $k=(k_{1}, \ldots, k_{n})\in[0,1]^{n}$ $Y_{k}=[\Pi_{j=1}^{n}(k_{j}S_{j}^{+}+(1-k_{j})S_{j}^{-})](Y)$
, $(H, Y_{k})$ $(n+1)$-tuple joint approximate point spectrum $\sigma_{ja}(H, Y_{k})$
non-empty . , .
[Def.2] $H=(H_{1}, \ldots, H_{n})$ commuting n-tuple of hermitian operators $Y$ hermitian
$\sigma_{X}(H, Y)=\bigcup_{k\in[0,1]^{n}}\sigma_{ja}(H, Y_{k})$
$\sigma x(H, Y)$ $(H, Y)$ Xia spectrum
.
$H=(H_{1}, \ldots, H_{n})$ commuting n-tuple of hermitian operators, $R\in B(\mathcal{H})$ ,
$\mathcal{D}_{j}$ : $B(\mathcal{H})arrow B(\mathcal{H})$ .
$\mathcal{D}_{j}(R)=i(H_{j}R-RH_{j})(j=1,2, \ldots n)$ .
$\mathcal{D}_{j}(\mathcal{D}_{k}(R))=\mathcal{D}_{k}(D_{j}(R))$ . , $\mathcal{D}_{j}\mathcal{D}_{k}=\mathcal{D}_{k}\mathcal{D}_{j}$ .
[Def.3] $(n+1)$-tuple $(H, Y)=(H_{1}, \ldots, H_{n},Y)$ hyponormal
$\mathcal{D}_{j_{1}}\cdots \mathcal{D}_{j_{m}}\geq 0$ for all $1\leq j_{1}<\cdots<j_{m}\leq n$
. , .
Theorem 3 (Xia, [10]). $H=(H_{1}, \ldots, H_{n})$ commuting n-tuple of hermitian operators
. , $Y$ hermitian $(H, Y)$ hyponormal
$\Vert \mathcal{D}_{1}\cdots D_{n}(Y)\Vert\leq\frac{1}{(2\pi)^{n}}\cdot m_{n+1}(\sigma_{X}(H, Y))$ ,
, $m_{n+1}$ $R^{n+1}$ . , ,
. ( $m_{n}$ $R^{n}$ )
Lemma 1. $(H_{1}+iK_{1}, \ldots, H_{n}+iK_{n})$ doubly commuting n-tuple of hyponormal operators
$Y=K_{1}\cdots K_{n}$ , $\forall K_{j}\geq 0$ $(H, Y)$ hyponormal .
. $\mathcal{D}_{j}(Y)=i(H_{j}Y-YH_{j})=i(H_{j}K_{j}-K_{j}H_{j})\Pi_{\ell\neq J}K_{\ell}$ ,
$(\mathcal{D}_{j_{1}}\cdots \mathcal{D}_{j_{m}})(Y)=i[H_{j_{1}}, K_{j_{1}}]\cdots i[H_{j_{m}}, K_{j_{m}}]\Pi_{\ell\neq j_{1},\ldots,j_{n}}K_{p}\geq 0(\forall 1\leq j_{1}<\cdots<j_{m}\leq n)$ . $*$
Theorem 4. $T=(T_{1}, \ldots, T_{n})$ doubly commuting n-tuple of hyponormal operators
$(T_{j}=H_{j}+iK_{j}(j=1, \ldots, n))$ , , .
$|| \Pi_{j=1}^{n}(T_{j}^{*}T_{j}-T_{j}T_{j}^{*})||\leq(\frac{2}{\pi})^{n}\Vert K_{1}\Vert\cdots\Vert K_{n}\Vert\cdot m_{n}(\sigma_{ja}(H))$.
2
. $a_{j}=\Vert K_{j}\Vert$ , $K_{j}+a_{j}(\geq 0)$ . $Y(a)=(K_{1}+a_{1})\cdots(K_{n}+a_{n})$ ,
$(H, Y(a))$ hyponormal ,
$\mathcal{D}_{1}\cdots \mathcal{D}_{n}(Y(a))=\Pi i[H_{j}, (K_{j}+a_{j})]=\Pi i[H_{j}, K_{j}]=\frac{1}{2^{n}}\Pi(T_{j}^{*}T_{j}-T_{j}T_{j}^{*})$ .
, $\sigma_{ja}(H, Y(a)_{k})\subset\sigma_{ja}(H)\cross\sigma(Y(a)_{k})$
$Y(a)_{k}=[\Pi(k_{j}S_{j}^{+}+(1-k_{j})S_{j}^{-})](Y(a))=\Pi(k_{j}S_{j}^{+}(K_{j})+(1-k_{j})S_{j}^{-}(K_{j})+a_{j})$ ,
, $\Vert Y(a)_{k}\Vert\leq 2^{n}\cdot||K_{1}\Vert\cdots\Vert K_{n}\Vert$ .
$\Vert\Pi_{j=1}^{n}(T_{j}^{*}T_{j}-T_{j}T_{j}^{*})\Vert\leq(\frac{2}{\pi})^{n}\Vert K_{1}\Vert\cdots\Vert K_{n}\Vert\cdot m_{n}(\sigma_{ja}(H))$ .
. :
$||\Pi_{j=1}^{n}(T_{j}^{*}T_{j}-T_{j}T_{j}^{*})||\leq$ $($ $)\cdot m(\sigma_{T}(T))$ ,
$\sigma_{T}(T)$ $T$ Taylor . Xia Taylor
$f$ : $C^{n}arrow R^{n+1}$
$f(a_{1}+ib_{1}, \ldots, a_{n}+ib_{n})=(a_{1}, \ldots,a_{n}, b_{1}\cdots b_{n})$ .
. .
Theorem 5. $T=(T_{1}, \ldots,T_{n})$ doubly commuting n-tuple of hyponormal operators with
$T_{j}=H_{j}+iK_{j}(j=1, \ldots, n)$ .
$f(\sigma_{T}(T))=\sigma_{X}(T)$ ,
$\sigma_{X}(T)=\sigma_{X}(H, Y),$ $H=(H_{1}, \ldots, H_{n})$ $Y=K_{1}\cdots K_{n}$ .
polar .
(2) $T=U|T|$ polar , $U$ unitary .
$S^{+}(|T|)= s-\lim_{narrow\infty}U^{n}|T|U^{n},$ $S^{-}(|T|)= s-\lim_{narrow\infty}U^{n}|T|U^{n}$
. , $U$ partial isometry . $U$ isometry ,
3
$V=(\begin{array}{ll}U I-UU^{*}0 U^{*}\end{array}),$ $|S|=(\begin{array}{ll}|T| 00 0\end{array})$ , $S=V|S|=(\begin{array}{ll}T 00 0\end{array})$




$V^{*n}|S|V^{n}\neq(\begin{array}{ll}U^{*n}|T|U^{n} 00 0\end{array})$ .
, isometry Xia open problem .
$0\leq k\leq 1$ , $|T|_{k}=kS^{+}(|T|)+(1-k)S^{-}(|T|)$ .
, $U|T|_{k}=|T|_{k}U$ , $T_{k}=U|T|_{k}$ normal . $T$
polar Xia $\sigma x(T)$ $\sigma_{X}(T)=\bigcup_{k\in[0,1]}\sigma_{ja}(U, |T|_{k})$ .
n-tuple .
(2’) n-tuple $T=(T_{1}, \ldots, T_{n})$ polar $T_{j}=U_{j}|T_{j}|$ ( $U_{j}$ : unitary) . ,
$U=(U_{1}, \ldots, U_{n})$ commuting n-tuple of unitary operators , $A\in B(\mathcal{H})$ ,
$Q_{j}$ : $B(\mathcal{H})arrow B(\mathcal{H})$ .
$Q_{j}(A)=A-U_{j}AU_{j}^{*}$ .
[Def.4] $A\geq 0$ . $(U, R)$ semi-hyponormal tuple .
$Q_{j_{1}}\cdots Q_{j_{m}}(A)\geq 0$ for all $1\leq j_{1}<\cdots<j_{m}\leq n$ .
$0\leq k\leq 1$ , $A_{k}--’\cdot kS^{+}(A)+(1-k)S^{-}(A)$ ,
$(U, A_{k})$ $(n+1)$-tuple . , joint approximate point spectrum
$\sigma_{ja}(U, A_{k})$ non-empty . $(U, A)$ Xia .
$\sigma_{X}(U, A)=\bigcup_{0\leq k\leq 1}\sigma_{ja}(U,A_{k})$ .
Theorem 6 (Xia, [10]). $(U, A)$ semi-hyponormal tuple .
4
$\Vert Q_{1}\cdots Q_{n}(A)||\leq\mu(\sigma_{X}(U, A))=\frac{1}{(2\pi)^{n}}\int\cdots\int_{\sigma\chi(U,A)}d\theta_{1}\cdots d\theta_{n}dr$ ,
$\mu$ $T$ $n$ Haar $R$ .
, $T=(T_{1}, \ldots, T_{n})$ be a doubly commuting n-tuple of semi-hyponormal operators




Theorem 7. $T=(T_{1}, \ldots,T_{n})$ doubly commuting n-tuple of semi-hyponormal operators
with unitary $U_{j}$ ($T_{j}=U_{j}|T_{j}|$ : polar decomposition) . $U=(U_{1}, \ldots, U_{n})$ $A=$
$|T_{1}|\cdots|T_{n}|$ .
$|| \Pi(|T_{j}|-|T_{j}^{*}|)\Vert\leq\mu(\sigma_{X}(U, A))=\frac{1}{(2\pi)^{n}}\int\cdots\int_{\sigma_{X}(U,A)}d\theta_{1}\cdots d\theta_{n}$ dr.
Theorem 8. $T=(T_{1}, \ldots, T_{n})$ doubly commuting n-tuple of semi-hyponormaloperat rs$n$ operators
with unitary $U_{j}$ ($T_{j}=U_{j}|T_{j}|$ : polar decomposition) . $U=(U_{1}, \ldots, U_{n})$ $A=$
$|T_{1}|\cdots$ .
(1) $(z_{1}, \ldots, z_{n}, a)\in\sigma_{X}(U, A)\Rightarrow\exists a_{1},$
$\ldots,$
$a_{n}\geq 0:a=a_{1}\cdots a_{n}$ , $(z_{1}a_{1}, \ldots, z_{n}a_{n})\in$
$\sigma_{T}(T)$ .
(2) $(z_{1}a_{1}, \ldots, z_{n}a_{n})\in\sigma_{T}(T)$ ; $|z_{j}|=1,$ $a_{j}\geq 0(j=1, \ldots,n)$ $\Rightarrow(z_{1}, \ldots, z_{n}, a_{1}\cdots a_{n})\in$
$\sigma_{X}(U, A)$ .
2 class Xia
$T=U|T|$ $T^{2}\neq 0$ $|T^{2}|\geq U|T^{2}|U^{*}$ , $S=U|T^{2}|$
, $S$ semi-hyponormal . , $T$ power
pusedu-semihyponormal .
$T=(T_{1}, T_{2}, \ldots, T_{n})$ doubly commuting n-tuple of operators $T_{j}=U_{j}|T_{j}|$ with unitary $U_{j}$
$|T_{j}^{2}|\geq U_{j}|T_{j}^{2}|U_{j}^{*}\forall i(j=1,2, \ldots, n)$ . $A=|T_{1}^{2}|\cdots|T_{n}^{2}|$ .
$(|T_{1}^{2}|, \ldots, |T_{n}^{2}|)$ commuting n-tuple of positive operators , $A\geq 0$ .




,$Q_{j_{1}}\cdots Q_{j_{m}}A=(\prod_{i\neq j_{1},..j_{m}}.|T_{i}^{2}|)(\prod_{i=j_{1},..j_{m}}.,(|T_{i}^{2}|-U_{i}|T_{i}^{2}|U_{i}^{*}))\geq 0$
for all $1\leq j_{1}<\cdots<j_{m}\leq n$ . , $(U, A)$ semi-hyponormal tuple ,
$Q_{1} \cdots Q_{n}A=\prod_{j=1}^{n}(|T_{j}^{2}|-U_{j}|T_{j}^{2}|U_{j}^{\cdot})$ .
, 2 .
Theorem 9. $T=(T_{1}, \ldots,T_{n})$ doubly commuting n-tuple of power pusedu-semihyponormal




, $k=(k_{1}, \ldots, k_{n})\in[0,1]^{n}$ $A_{k}=[\Pi_{j1}^{n}=(k_{j}S_{j}^{+}+(1-k_{j})S_{j}^{-})](A)$ .
Theorem 10. $T=(T_{1}, \ldots,T_{n})$ doubly commuting n-tuple of power pusedu-semihyponormal
operators $T_{j}=U_{j}|T_{j}|$ with unitary $U_{j}(i=1, \ldots,n)$ . $U=(U_{1}, \ldots, U_{n})$ ,
$A=|T_{1}^{2}|\cdots|T_{n}^{2}|$ .
$|| \prod_{j=1}^{n}(|T_{j}^{2}|-U_{j}|T_{j}^{2}|U_{j}^{*})||\leq\frac{1}{(2\pi)^{n}}\int\cdots\int_{\sigma x(U,A)}d\theta_{1}\cdots d\theta_{n}$ dr.
3. Examples
, $T=U|T|\in B(\mathcal{H})$ $|T^{2}|\geq U|T^{2}|U^{*}$ ,
.
























$\sqrt{\frac{3}{4}}0$), $Q=( \frac{1}{\frac?,2}$ $\frac{1}{\frac{\int}{2}})$ $B=bQ$ $C=cQ(0<b, c)$
. ,
(1) $|T^{2}|\geq|T^{*}|^{2}$
$\frac{3\sqrt{2}}{4}bQ=\sqrt{BA^{2}B}\geq C^{2}=c^{2}Q$ $A^{2}\geq B^{2}=b^{2}Q$
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$0<b\leq 1$ $0<c^{2} \leq\frac{3\sqrt{2}}{4}b$ .
(2) $|T|\geq|T^{*}|$












$0<b \leq\frac{2\sqrt{2}}{3}=0.943\cdots$ $0<c \leq\frac{3\sqrt{2}}{4}$
(1), (2), (3) . , $b= \frac{2\sqrt{2}}{3}$ .
$\frac{2\sqrt{2}}{3}<c\leq 1$ , $T$ (1), (3) (2) .
$1<c \leq\frac{3\sqrt{2}}{4}$ $T$ (3) , (1), (2) . , 2
$0,\vec{x}arrow$ .
$\vec{0}=(0,0, \ldots)$ $\tilde{x}=(x_{1},0,0, \ldots)$ ,
$x_{1}=(\begin{array}{l}l1\end{array})$ . , $\Vert 0arrow\oplus\vec{x}||=\sqrt{2}$
$T(\tilde{0}\oplus\vec{x})=(Cx_{1},0,0, \ldots)\oplus(0,0,0, \ldots)$ .
$T^{2}=[^{A}0_{B}0000A^{2}00000$
$000000$ $000000$ $\ldots BCo_{0}000000000000000000000$
$]$
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$T^{2}(0\oplus\vec{x})arrow=(0, BCx_{1},0,0, \ldots)\oplus(0,0,0, \ldots)$ .
$Cx_{1}=c(\begin{array}{l}ll\end{array})$ BCx$1=bc(\begin{array}{l}11\end{array})$ ,
,
2$c^{2}=\Vert T(0\oplus\vec{x})\Vert^{2}arrow\leq\Vert T^{2}(0\oplus\vec{x})\Vertarrow\cdot\Vert 0\oplus\vec{x}||arrow=2bc$
$c\leq b$ . , $b<c$ . $b= \frac{2\sqrt{2}}{3}$ $c= \frac{3\sqrt{2}}{4}$ $T$ paranormal
, $b<c$ , $T$ power pusedo-semihyponormal operator
paranormal .
, $T^{2}\neq 0$ $|T^{2}|\geq U|T^{2}|U^{*}$ $T$
. , normaloid ? , .
, paranormal $b= \frac{2\sqrt{2}}{3}$ $c= \frac{3\prime 2}{4}$ , $T$ $|T^{2}|\geq U|T^{2}|U^{*}$ .
,
$r(T)=\Vert T\Vert=\sqrt{\frac{3}{2}}$
normaloid . , $||T^{n}\Vert=\Vert T\Vert^{n}$ , $\mathcal{I}^{m}$
, $\Vert T^{n}\Vert=\Vert T\Vert^{n}$ .
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